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ABSTRACT.
For a continuous map of the circle to itself we give necessary and sufficient conditions for the chain recurrent set to be precisely the set of periodic points.
We also examine the possible types of examples which can occur, where the set of periodic points is closed and nonempty, but there are nonperiodic, chain recurrent points.
Introduction.
In studying the dynamics of a map / from a space to itself, invariant sets, whose orbits satisfy some type of recurrence property, play an important role. Three such sets are the set of periodic points, the nonwandering set and the chain recurrent set, which we will denote respectively by P(f),Q(f) and R(f). In general, P(f) C fi(/) C R(f), but equality need not hold. An obvious necessary condition for P(f) = U(f) or P(f) = R(f) is that P(f) must be closed. For maps of the interval this condition is sufficient to guarantee that P(f) = fi(/) = R(f) [2, 4, 8, 10, 14] . For maps of the circle a necessary and sufficient condition for P(f) = n(/) is that P(f) must be closed and nonempty [1] . In this paper we give necessary and sufficient conditions for P(f) = R(f) for maps of the circle.
To give these conditions we must introduce the concept of a generalized attracting neighborhood. Let / be a continuous map of the circle to itself and let p be a periodic point of / of (least) period n. A generalized attracting neighborhood of p is an open neighborhood Vp of p with Vp / S1 and fn(Vp) C Vp. It is important in the definition that Vp is open and its closure is mapped inside Vp by /". For example, let A be any closed subset of [0,1] with 0 G A and 1 G A. There is a homeomorphism g of [0,1] onto itself with g(x) -x if x G A and g(x) < x if x £ A. Let / be the homeomorphism of the circle, S1, onto itself obtained from g by identifying 0 and 1. The reader should verify that no fixed point of / has a generalized attracting neighborhood.
Note also that in this example P(f) is the nonempty closed set A, while R(f) = S1.
On the other hand, let g be a homeomorphism of [0,1] onto itself which has six fixed points 0, ¿, §, §, § and 1 with g(
and g(x) < x if x G (^, §) U (|, 1). The reader should verify that if / is the homeomorphism of the circle to itself obtained from g then each of the five fixed points of / has a generalized attracting neighborhood. Thus, while a sink (or contracting periodic point) always has a generalized attracting neighborhood, a source (or expanding periodic point) or a nonhyperbolic periodic point may also have a generalized attracting neighborhood.
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In Theorem A, u>(x) denotes the set of limit points of the orbit of x. Note that if P(f) is closed and nonempty, fi(/) = P(f) [1] , and hence any element of uj(x) is a periodic point. The proof of Theorem A shows that if R(f) = P(f) and x G S1\P(f), then every element of u>(x) has a generalized attracting neighborhood. We remark that Theorem A is similar in flavor to results in other settings which give necessary and sufficient conditions for the nonwandering set to equal the chain recurrent set (see [12, Theorem 3.11; 3, 5, 7, 9, 13] ). However, one cannot extend Theorem A to show that fi(/) = R(f) if and only if for every x G S1\Q(f) some element of ui(x) has a generalized attracting neighborhood.
The "if" part of this statement would imply that 0(/) = R(f) for any map of an interval to itself (since any map of an interval may be extended to a map of the circle which is not onto), but fi(/) need not equal R(f) for maps of the interval, as an example in [2] shows.
The remainder of the paper is concerned with the (somewhat technical) problem of determining what types of examples are possible of maps / of the circle with P(f) closed and nonempty but P(f) ^ R(f). Such a map / must have a nonperiodic point x such that all elements of oj(x) are perodic but do not have generalized attracting neighborhoods. Clearly this can occur if / has a nonhyperbolic periodic point which does not have a generalized attracting neighborhood as in the first example above. Thus, we restrict our attention to the case where any nonhyperbolic periodic point has a generalized attracting neighborhood, i.e. where any periodic point is either expanding (see §2 for definition) or has a generalized attracting neighborhood.
An example in this case would require a point x such that all elements of co(x) are expanding periodic points. The next theorem shows that this is impossible if the orbit of x is infinite. THEOREM B. Suppose that the orbit of a point x (under a continuous map of the circle to itself) is infinite.
Then some element of u)(x) is not an expanding periodic point.
One can construct examples where the orbit of x is finite and all elements of oj(x) are expanding periodic points (i.e. x is eventually an expanding periodic point) which do not have generalized attracting neighborhoods. The previous example yields a continuous map / of the circle to itself with P(f) closed and nonempty such that any periodic point is either expanding or has a generalized attracting neighborhood, but R(f) ^ P(f)-Note that in the example there is a critical point x (see §2 for definition) such that for some positive integer k, fk(x) is an expanding periodic point which has no generalized attracting neighborhood (i.e. x = | and k = 1). Our final theorem shows that this must occur in any such example. THEOREM C. Let f be a continuous map of the circle to itself. Suppose that P(f) is closed and nonempty and that any periodic point of f is either expanding or has a generalized attracting neighborhood. Suppose also that for any critical point x°f f, tf îk(x) is periodic for some positive integer k, then fk(x) has a generalized attracting neighborhood. Then R(f) = P(f).
2. Background. Let / be a continuous map from a compact metric space (A,ci) into itself. An e-chain from x to y (where x,y G X) is a finite sequence of points {xo,xi,... ,xn) of X with x = zrj, y = xn and d(f(xi-i),xt) < e for i = 1,... ,n. We say x can be chained to y if for every e > 0 there is an £-chain from x to y, and we say x is chain recurrent if x can be chained to x. The set of all chain recurrent points is denoted by R(f).
A subset y of A is called positively chain invariant if for every y G Y and x G X\Y, y cannot be chained to x. Proofs of the following two lemmas may be found in [2] . The first lemma was also noted in [11] . LEMMA 1. R(f) = R(fn) for any positive integer n. For the rest of the paper, / will denote a continuous map of the circle to itself and d will denote a metric on the circle. A point x G S1 is called a critical point of f if f fails to be injective on every neighborhood of x.
Let p be a periodic point of / of (least) period n which is not a critical point of /". Let k -n if /" preserves orientation at p, and k = 2n if fn reverses orientation at p. where the intersection is taken over all neighborhoods V of p. If p is an expanding fixed point then Wu(p,f) is an invariant interval with p as an interior point. We will use the following lemma in the proof of Theorem C. LEMMA 5. Let f be a continuous map of the circle to itself and let p be an expanding fixed point of f. Let q be an endpoint ofWu(p,f).
(1) If q G Wu(p, f), then q is in the orbit of a critical point of f. This proves (2). Q.E.D. We conclude this section with a lemma which shows that if one point in a periodic orbit has a generalized attracting neighborhood then the others do also. LEMMA 6. Let y be a periodic point of a continuous map f of the circle to itself. If y has a generalized attracting neighborhood then so does each point in the orbit ofy-PROOF. Let n denote the period of y and let yn = fn'1(y).
It suffices to show that yn has a generalized attracting neighborhood.
Let Vi be a connected generalized attracting neighborhood of y. Let Vn denote the component of /_1(Vi), which contains yn. Then Vn is an open interval and f(Vn)_GVi. If Vn -S1, then / is not onto and any periodic point has a generalized attracting neighborhood.
Thus, we may assume that Vn ^ S1. It follows that Vn is a proper closed interval Ja, 6] on S1 with f(a) <£ Vi and f(b) <£ V(. Hence, a $ /""H^i) audbifn-l{Vi). Thus, /»(Fn) = r-HfiVn)) C r'HVl) C Vn, so Vn is a generalized attracting neighborhood of yn. Q.E.D.
Proofs of the theorems.
PROOF OF THEOREM A. First suppose R(f) = P(f). Since-R(f) is closed and nonempty, so is P(f). Let x G S1\P(f) and let y G w(x). Then y G ü(f) = P(f).
We will show that y has a generalized attracting neighborhood.
Let Re(y) denote the set of z G S1 such that there is an £-chain from y to z. It follows from the definition of £-chain that Re(y) is open. Since x ^ R(f), for some £>0, x(/R£(y)-Let Vy denote the component of R£(y) that contains y. Then Vy is an open interval, invariant under /", where n is the period of y. In fact, since there is no £-chain from y to the endpoints of Vy, for any z G Vy the distance from fn(z) to any endpoint of Vy is at least s. Thus, fn(Vy) C Vy. If / is onto then Vy ^ S1 and Vy is a generalized attracting neighborhood of y, while if / is not onto it follows easily that any periodic point of / (and in particular y) has a generalized attracting neighborhood. Now suppose that P(f) is closed and nonempty and for every x G S1\P(f), some element of u>(x) has a generalized attracting neighborhood.
Let x G S1\P(f).
We will show that x g R(f).
Let y be an element ofoj(x) which has a generalized attracting neighborhood and denote the orbit of y by {2/1,2/2, • • • ,Vn}-By Lemma 6, each yk has a generalized attracting neighborhood Vk-Since /" | Vk is a map of a compact interval to itself, it follows from [2] that R(fn \Vk) = P(fn | V»). Thus, if x G Vk for some k then x <£ R(fn \Vk)-Hence, by Lemmas 1 and 3, x $. R(f).
Thus, we may assume that x ^ Vk for each k = 1.n.
Since y G oj(x), for some k = 1,..., n and some positive integer j, fjn(x) G Vk-By Lemmas 2 and 3.
x i R(fn), so by Lemma 1, x $ R(f).
PROOF OF THEOREM B. Suppose each element of uj(x) is an expanding periodic point. Let 2/1 G uj(x). Let n\ = 2ji, where j\ is the period of yx. Let £1 denote the distance from 2/1 to the set of periodic points z of f such that 2^2/1 and the period of z is at most nx. Since 2/1 is an expanding point, £1 > 0. There are neighborhoods Wi and V\ ofyi such that /"' is expanding on Vi, /"' (Wi) G V\, and the diameter of Vi is less than £i/3. It follows that there is a point 2/2 in w(x) D (V\\W\).
Let Oi be the union of neighborhoods of diameter £|/3 about each periodic point z ^ yi whose period is at most ni and let Ki = S[\(0¡ U W^i). Then 2/2 is in the interior of K\. Let n2 = 2j2, where j2 is the period of 2/2, and note that n2 > n\. Let £2 denote the distance from 2/2 to the set of periodic points z of / such that z 7^ 2/2 and the period of z is at most n2. Let O2 be the union of neighborhoods of diameter £2/3 about each periodic point z ^ y2 whose period k satisfies ni < k < n2. Let W2 and V2 be neighborhoods of 2/2 with V2 contained in the interior of K\ such that /"2 is expanding on V2, fn2(Wï) C V2, and the diameter of V2 is less than £2/3. There is a point 2/3 in oj(x) n (V2\W/2). Let K2 = Sl\(OiUWx UO2UW2) and note that 2/3 is in the interior of K2. Define Kn inductively as above, and let Gn = Kn n lo(x). Then {G7,} is a decreasing family of nonempty compact sets, so f)^-x Gn is nonempty. Any point in the intersection is in u(x) but is not periodic, a contradiction.
PROOF OF THEOREM C. Let x G S1 and suppose that x is not periodic. We must show that x is not chain recurrent. We remark that if any element q of u)(x) has a generalized attracting neighborhood Vq, then x is not chain recurrent. This follows as in the proof of Theorem A. Thus, we may assume that each element of u)(x) is an expanding periodic point. By Theorem B, x is eventually periodic.
By the remark above and Lemma 1, we may assume that for some positive integer k, fk(x) is an expanding fixed point which has no generalized attracting neighborhood.
Then, by hypothesis, none of the points x, f(x),..., fk~1( (x),f) , then x G fi(/) = P(f). Hence x<£W*(fk(x),f).
Let qi and q2 denote the (distinct) endpoints of Wu(fk(x), /). We consider three cases.
First, suppose that neither q\ nor q2 is a fixed point of f2. Then, by Lemma 4, Wu(fk(x), f) is positively chain invariant. Since this set contains fk(x) but not x, x is not chain recurrent by Lemma 2.
Second, suppose that q\ and q2 are both fixed points of f2. Replacing / by f2 if necessary, we may assume that Ci and q2 are both fixed points of /. By Lemma 5 and our hypothesis, oi and q2 have generalized attracting neighborhoods VQl and Vq2. If x G Vqt or x G Vq2, then x is not chain recurrent by Lemma 3 and the theorem of [2|. hence, we may assume that x £ (Vqi l)Vq2). It follows from Lemma
